LA-UR-00-5611

Approved for public release;
distribution is unlimited.

Title: | INTEGRATING LINEAR INTERPOLATION FUNCTIONS
ACROSS TWO AND THREE-DIMENSIONAL
CELL BOUNDARIES

Author(s) | Jerry S. Brock, Los Alamos National Laboratory
J. Renae Wiseman, U. S. Air Force Academy

Submitted to: | Conference on Computational Physics 2000
Gold Coast, Queensland, Australia, December 3-8, 2000

Los flamos

Los Alamos National Laboratory, an affirmative action/equal opportunity employer, is operated by the University of California for the U.S.
Departmentof Energy under contract W-7405-ENG-36. By acceptance of this article, the publisher recognizes that the U.S. Government
retainsanonexclusive, royalty-free license to publish or reproduce the published form of this contribution, or to allow others to do so, for U.S.
Government purposes. The Los Alamos National Laboratory requests that the publisher identify this article as work performed under the
auspicesofthe U.S. Department of Energy. Los Alamos National Laboratory strongly supports academic freedom and a researcher’s right to
publish; as an institution, however, the Laboratory does not endorse the viewpoint of a publication or guarantee its technical correctness.

Photograph by Chris J. Lindberg

Form 836 (10/96)



Integrating Linear Interpolation Functions Across Two- and Three-Dimensional Cell Boundaries
Jerry S. Brock, Applied Physics Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545 USA

Objective

Develop discrete expansions for linear
interpolation functions: expansions that

are similar to a multivariable Taylor's series but
— by accounting for discontinuous interpolation
derivatives across cell boundaries — are valid
throughout a discretized domain.

Particle Methods

Farticle methods — computational models of particle
dynamics — often use interpolation functions to gather
and scatter data between particles and discretized
continuum fields. These models require a series
expansion of the interpolation function for two
purposes:

® numerical analyses used to establish the models’
consistency and accuracy

® logical-coordinate evaluation used to locate
particles within a grid system.

Existing expansions (truncated, single-variable Taylor's
series) are inherently invalid for expansions that extend
across cell boundaries where interpolation derivatives
are generally discontinuous.

Linear Interpolation

Used for both data interpolation and coordinate
transformation — from physical space X = (x,92)
to logical space & = (&1, C)T coordinates — within
discretized domains that include 2-D triangles and
3-D tetrahedrals.
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Discrete Expansions for Linear lnterpolation

Total Differential
Total differential: a relationship between infinitesimal changes of the

physical, logical, and cell-vertex coordinates dX = f(d&, d)?cv):

IF = %‘(i”)d& X
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Discrete-expansion: a relationship between the finite changes of these

coordinates: AX = f(AE,A;(cv).

We integrate the total-differential between two particles located in
separate, noncontiguous grid cells: State 1 and State 2.
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Interpolation derivatives are generally not continuous across cell
boundaries; original total-differential is not valid.

State 1:

X, = ;7(51, i{”)

State 2:

X, = ;7(52, y;V)

Parameterization
Parameterize integration coordinate-space g, X’” with the variable ‘s’
where 0<s<1, using a linear technique: ¢(s) = (1-s) ¢1 +(s) ¢2.
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Parameterized interpolation derivatives are continuous across cell
boundaries; parameterized total differential is valid.
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Direct Integration Pathline
A straight or direct line between particle State 1 and State 2.

A% = LX[;(”] AE + ﬁ{v[&] ax”
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Finite-difference vectors: AX = X,-X;, AE = &, -, and
—CcV —CcvV  —CV
ax”’ = x3"-x7".

2 = - 2 —cv  —cv
Particle end-state averages: § = (§; +&,)/2 and X’ = (Xl +X, )/2.

Upper-Step Integration Pathline
Partition the integration pathline in the (&, x plane.
Integrate the upper-step pathline from State 1to State A to State 2.
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Lower-Step Integration Pathline
Partition the integration pathline in the E,)?cv plane.
Integrate the lower-step pathline from State 1to State B to State 2.
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Upper-step and lower-step discrete expansions are mirror images.

Identical results for 2-D and 3-D linear-interpolation discrete expansions.

Discrete expansions acknowledge the full functional dependence of
interpolation and inherently account for discontinuities across cell
boundaries.

The total-differential method is a general solution technique for developing
interpolation discrete expansions.

Numerical Analysis

Analytical investigation of particle methods is used to establish the
method’'s mathematical consistency and numerical accuracy.
Example: Predictor-Corrector time-integration for dX/dt = V(X,t) .

Discrete expansions are required to relate interpolated velocities at State
Ato State 1:

V(e V) = V(e VY + %%(Vf,”) AE + B;ch(al) av®’

For computational models
that use interpolation,
discrete expansions represent
a key advancement in the
capability to analyze existing
models and to develop
advanced models.

Logical-Coordinate Evaluation
Spatial transformation of a particle-position vector from global, physical
space X to a local, cell-based coordinate system §.

Discrete expansions are required to relate the known AX to unknown AE

X/ —cvy = = X —cv
(XZ ) AE = (Xp-Xp) - cv(gl) AX
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Solution characteristics:

e algorithmically robust
(has a guaranteed
nonsingular Jacobian
matrix), and

® computationally efficient
(derivatives are constant,
including the Jacobian
matrix).

Summary
Discrete-expansions represent a key advancement for any particle
method that uses interpolation by
® providing the capability to analytically define a method’s
mathematical consistency and numerical accuracy, and

® representing an algorithmically robust and computationally
efficient method to locate particles within a grid.

Next Development Step

Complete a similar total-differential discrete-expansion analysis for
nonlinear interpolation: bilinear and trilinear functions.
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